ON THE CHARACTERISTIC p VALUED MEASURE ASSOCIATED TO 

DRINFELD DISCRIMINANT 



ZIFENG YANG 



Abstract. In this paper, after reviewing known results on functions over Bruhat-Tits trees 
and the theory of characteristic p valued modular forms, we present some structure of the 
tempered distributions on the projective space P^(koo) over a complete function field koo of 
characteristic p, and calculate the characteristic p valued measure associated to the Drinfeld 
discriminant and the characteristic p valued measure associated to the Poincae series. 
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Throughout this paper, g is a fixed power of a prime p, ¥q is the finite field of q elements. 
Let A = Fg[T] be the polynomial ring with the discrete valuation at oo, and k be the fraction 
field of A. For an element a in A, we denote by degrp[a) the degree of a as a polynomial in T, 
the subscript T is omitted if it does not cause any confusion. By convention, deg(O) = — oo. 
On the completion koo = ^qiij^)) of k at oo, we take TT — 2^ clS the uniformizer, and set 
Aoo = lFy[[7r]] = IFqfff^]]- The valuation v and absolute value | ■ | of koo are normalized such 
that f (tt) = 1, and |7r| = i. Let Cqo be the completion of an algebraic closure of koo with 
the absolute value also denoted by | ■ |. And we set F = GL2(A). 

1. Introduction 

Let A+ = {monic polynomials in Fq[r]}. Over the function field k, the analogue of the 
Riemann-zeta values [Gal] is given as 



z[n) = 

aeA+ 

for n G Z+. The analogous zeta function is given by Goss [Go6, Chapter 8] as an analytic 
function ({s) over the "complex plane" 5*00 = C^ x Zp with s = {x,y) G Soo- 

( \ 

^ oo 



a" 

aGA+ J=0 



(a)-' 



. aeA^ , 

\dcg(a)=j / 



where (a) = T'^^^^""^ ■ a is the 1-unit part of a G k^, and = x'^'^^^'^^ ■ ((a))^. Under this 
construction, we get the power sum z(n) = ({T"',n) for an integer n > 1. Goss [Go6] also 
constructs the general L-series over the "complex plane" 5*00 • 

One aspect of the analytic theory over function fields is the study of the Drinfeld's upper 
half plane Q = Coo ~ koo, which comes as the rank two case of the analytic structures 
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related to the moduli spaces of Drinfeld modules, see [Gel] for an exposition. There are rich 
structures of rigid analytic spaces on Q, so that we can talk about the concepts like modular 
forms and Hcckc operators over function fields, sec [Gol] [Go2] [Go3] [Gel] [Ge2] [GR], etc. 
But the Hecke operators thus defined so far can't distinguish the modular forms, and we 
don't know if there is any analogue of Mellin transforms which would relate the modular 
forms to the L-series over 5'oo(in Goss' sense), even for the L-series coming from geometry 
as [Bo] points out. Since there are no Haar measures of characteristic p. a general idea 
of dealing with this problem is to study the measures (more precisely, distributions) which 
define the L-series through integrations over power functions, and the measures associated 
to modular forms. 

On the measures associated to the Goss zeta function ({s) in equation (1.1), we have the 
computations by Thakur [Th] at finite places and by Yang [Ya2] at the place oo. The special 
values ({x, —j) are determined by the formula [Ya2] 



for integers j > 0, where Ui is the 1-units of Aoo, and iJ,x and Ux are measures on Ago 
depending on the variable x. 

On the measures associated to the modular forms, Teitelbaum [Tel] estabhshed an iso- 
morphism between cusp forms of an arithmetic group G of GL2(k) and the G-equivariant 
harmonic co-cycles on the Bruhat-Tits tree T associated to koo- A harmonic co-cycle on 
T can also be viewed as a measure on P^(koo), therefore Teitelbaum's theorem gives a way 
to compare the relevant measures we have talked above. Goss [Go5] has pointed out some 
implications from Teitelbaum's construction of measures. But the construction of the har- 
monic co-cycles in Teitelbaum's theorem is quite abstract, it is not easy to understand what 
is behind these measures. We will carry out an explicit computation of the measure associ- 
ated to the Drinfeld discriminant in Teitelbaum's theorem, wish to understand these topics 
better. 

We summarize some well-known facts about Bruhat-Tits trees in Section 2, and give a 
simple introduction to characteristic p valued modular forms in Section 3. 

In Section 4, we talk about the the space of functions on an open compact subset S of 
P^(koo) and study its dual space, which is proved to be the space of /i-admissible measures 



In Section 5, we introduce some known results of the theory of functions on Bruhat-Tits 
trees, and Teitelbaum's theorems on the correspondence between cusp forms of an arithmetic 
subgroup G of GL2(k) and G-equivariant harmonic cocycles on Bruhat-Tits trees. 

In Section 6, we explicitly determine the characteristic p valued measure associated to the 
Drinfeld discriminant A(^). 

In Section 7, we calculate some special values of the L-function associated to the Drinfeld 
discriminant, and also give similar results on the characteristic p valued measure associated 
to the Poincae series. Some comments about characteristic p valued modular forms and 
harmonic functions on Bruhat-Tits trees are made, and some possible application to algebraic 
ergodic theory is also mentioned in this section. 




(1.2) 



on S. 
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2. Bruhat-Tits trees 

Let V = koo ©koo be a two dimensional vector space over koo- A lattice L of is a finitely 
generated free Aoo module of rank 2. Two lattices L and L' are said to be equivalent if there 
exists a A e such that L' — XL. Let Vr denote the set of all equivalence classes [L] of 
lattices L of V. For any elements A, A' G Vj-, we can find lattices L G A and L' G A' such 
that L' G L and L/L' = Aoo/vr"Aoo — A/tt^A for some non-negative integer n, which we 
denote by d{A, A') = n. We define 

Et = {eAA>: rf(A,A') = l}. 

Then the Bruhat-Tits tree T consists of the set Vj- of vertices and the set Ej- of (oriented, 
with orientation to be determined later in this section) edges. The action of GL2(koo) on V 
induces an action of GL2(koo) on T (in fact, an action of PGL2(koo) on T). 

Suppose that G is a group acting on a graph X. Then we have the quotient graph G\X. 
A fundamental domain of G\X is a subgraph Z of X such that the natural map Z — )■ G\X 
is an isomorphism of graphs. A fundamental domain of a graph by a group action doesn't 
necessarily exist, but we have results in some special cases. Let 

GL2(koo)^ = {cK G GL2(koo) : t'(dcttt) is an even integer}. 

Let Aji denote the class of the lattice © tt^Aqo ~ T^-A^ © A^ for n G Z. We know the 
following properties of the actions of subgroups of GL2(koo) on T, the detail can be found 
in Serre's book [Se]. 

• Let G be a subgroup of GL2(koo)^- If the closure of G in GL2(koo) contains SL2(koo), 
then the fundamental domain of the action of G on T is 

o o . 

Ao Ai 



The fundamental domain of the action of F = GL2(A) on T is 



o 



(2.1) 



Ao Ai A2 A„ 
The action of GL2(koo) on Vj- is transitive, thus we have the bijections 

IV AGL2(k,,)/Stab(Ao) = GL2(k^)/(k:, • GL2(Aoo)), (2.2) 

where Stab(Ao) denotes the stabilizer of Aq in GL2(koo)- Therefore we can use matrices to 
express the vertices of T in terms of the coset representatives in the above relation: 

VV=|(^Q : /c G Z,^ G kocWmodTr'^Aooj . (2.3) 

Let Vi = (1, 0)"^, V2 = (0, 1)"^ be the standard basis of V = koo © ^oo- Under the one to one 
correspondence (2.2) and the representations of the coset representatives (2.3), we have 

[7^V,^^Vl + V2]^ (2.4) 

where k and u arc as in (2.3), and [7r''vi,MVi + V2] denotes the equivalence class of the 
Aoo-lattice generated by tt'^Vi and uvi + V2. 

An end of the tree T is an infinite path starting at some vertex and without back-tracking, 
for example, the half hue in (2.1) from the vertex Aq to Ai, A2, and so on. Two ends are 
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equivalent if and only of they differ by a finite number of vertices and edges. The set of ends 
of T is in bijection with P^(koo). This bijection is set up in this paper as follows. We choose 
the vertex Aq as the starting point of any end (in some equivalence class), then oo G P''"(koo) 
corresponds to the end (2.1). For x = X^^m, Cn^r" G koo, where c„ G F^, the corresponding 
end (which is in some equivalence class; but the end of the following graph may not start 
with the vertex Aq) is 

o o o o (2.5) 

[vi,x-Vi + V2] [7rvi,x • Vi + V2] [7r"vi,a; • vi + V2] 

where we notice that [tt'Vi, a; • vi + V2] = [vr^vi, xin-i] ■ vi + V2], with X[n] = Ylk=no ^k^^^ ■ 

The edges of T are oriented, with the set E'^ of edges of positive orientation given in terms 
of the 00 end of T: 

o *- o ^ o >- o =^ , (2.6) 

Ao Ai A2 A„ 

any edge with a consistent orientation with the above is in ( since T is connected ). 
Let To = GL2(Fg), a subgroup of F = GL2(A), and 



l^^y. a,dGF;,6GFjr],deg^(6)<n 



for n > 1. Then we have 



Proposition 2.1 (Serre, [Se]). (1) F„ is the stabilizer of A^. 

(2) Fo acts transitively on the set of edges with origin Aq. 

(3) For n > 1, r„ fixes the edge A„A„+i and acts transitively on the set of edges with 
origin A„ but distinct from the edge A„A„+i. 

3. Modular forms 

The group GL2(koo) acts on the Drinfeld's upper half plane fl — — \s.^ — P^(Coo) — 
P'(koo) by 

az + b 

1-^^ — —1 
cz + a 

for 7 = ^ ^ ^ ^ G GL2(koo) and z e D,. This action is also written as 7(2;) or ^z. 

The space Q has a good covering {Diji^j, where / = {{n,x) : n G Z, x G koo/7r"'+-'^Aoo}, 
D(n,x) = X + and 

< \z\ < |7r"|, 

\z - CTT^I > Itt'^I, \z - ctt'^+^I > Itt'^+^I for all c G F* 

These subsets Dj's of Q are affinoid spaces and Q has a rigid analytic structure, see [GR] and 
[GP] for the details. Hence we can talk about the rigid analytic functions on fl and study 
their properties. 

A finitely generated A-submodule L C Coo is said to be an A-lattice of Coo if L is discrete 
in the topology of Coo- Hence an A-lattice L of Cqq is a projective A-module of finite rank 
d, and we have an isomorphism of A-modules 

since A = Fg[T] is a principal ideal domain. 



D„. = UeC 
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Example 3.1. Let L C Coo be an A-lattice of rank 1, in particular, a fractional ideal of A. 
Then 



and 



tL{z) = el\z) = Y,-^ (3.1) 
^ — ' z — a 

aeL 

are F^-linear rigid analytic functions on Q. These two functions are invariant under L- 
translations. See [Go6] etc. 

Generally, a subgroup G of GL2(k) is called arithmetic if G is contained in GL(y) and 
contains the kernel G{Y,a) of the reduction map GL(y) — )■ GL(Y/aY) for some rank two 
projective A submodule F of k©k and some ideal a of A. In this paper, we assume that A 
is a polynomial ring over F^, hence the rank 2 projective A-module Y is free: y = A © A, 
thus we only consider the arithmetic subgroups of GL2(A). 

As a subgroup of GL2(koo), an arithmetic subgroup G acts on the Bruhat-Tits tree T. 
The quotient G\T is a finite graph joined by a finite number of ends. For example, in the 
following graph, there are two ends on the left and on the right, and the middle is finite. 



end <=> o o o ■>■ end 



These ends are called the cusps of the arithmetic subgroup G. We have the bijection 

{cusps of G}^G\F\-k). 

We refer §2, Chapter II of [Se] for the details. Thus we see from (2.1) that the group F has 
exactly one cusp oo. 

Definition 3.1. Let G be an arithmetic subgroup of GL2(k). A rigid analytic function 
/ : r2 — )■ Coo is called a modular form with respect to the arithmetic subgroup G of weight 
k and type m for a non- negative integer k and a class m in Z/(g — 1) if the following two 
conditions are satisfied: 



fa b \ 

[1) for any 7=( ^ ^ j E G, the following equation holds: 



where f\b]k,m(^) := (det(^)rj(^,zy''fM, and 

j{j,z)^cz + d; (3.2) 
(2) / is holomorphic at every cusp of G. 

In the above definition, the second condition is interpreted as follows. For a cusp p of G, 
we take an element p e GL2(k) such that p(oo) = p. Then the stabilizer of cxo in p~^Gp 

contains a maximal subgroup of G consisting of elements of the form 7a; = ^ q ^ ^ ' where 

X e L for some fractional ideal L of A. Such an element acts on Q as a translation by 
X, therefore the first condition gives f{z + x) = fi^x^) — fi^)- Compared with the classical 
situation, the rigid analytic function tL{z) of (3.1) serves as a parameter at the infinity point 
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OO. So / is holomorphic at p if and only if / can be expanded as a series in terms of the 
parameter tL{z): 

f\[p\k,m{z) = ^CitL{z)\ where q e Coo- (3.3) 

i>0 

If the expansion coefficient cq = in (3.3) for all cusps of G, then / is called a cusp form of 
G with weight k and type m. 

Remark 3.1. Although the above definition of modular forms is stated for the general case 
when k is the field of functions on a complete, geometrically irreducible curve over the field 
Fg and A is the ring of regular functions away from the point oo, we only consider the case 
when the curve is the projective line Pj.^, so we assume k = Fg(T) and A = ^q[T] throughout 
this paper. 

Example 3.2. The Eisenstein series Ek{z) is defined as 

(0,0)/(c,rf)eA2 ^ ' 

for an integer A: > 0. If A: ^ mod {q — 1), then Ek{z) is identically equal to 0. For 
k = mod (g — 1), the Eisentein series Ek{z) is a modular form of the arithmetic subgroup 
r — GL2(A) with weight k and type 0. But it is not a cusp form. See [Go2] for the detail. 

Example 3.3. This is an example given by Gekeler [Ge2]. Let 

//=|(q \y. ae¥,*,beA 

be a subgroup of F, and t{z) be the rigid analytic function defined as (3.1) for the rank 1 
lattice Att, where the constant n G is some "period". Then the Poincare series 

Pk,m{^)= 5^ (det(7))"^j(7,^)-'i'"(7^) (3.5) 

is a cusp form of F with weight k and type m mod {q — 1), where z) is defined as in 
(3.2). 



Example 3.4. Let L C Coo be an A-lattice of Coo of rank 2. Such a lattice L is associated 

= - n (i - 1) 



with an Fg-linear function 



which is rigid analytic on Q. Then there exists a ring homomorphism 



^ : A ^ Coo{t} = {^j>o Cii : o,i G Coo ioT cach integer i > 0} 



a ^ (t>a 

such that 

(f>a ■ (^L ^ eL • a (3.6) 

for any a e A, where t{x) = for any x e Coo is the Probenius map. In the above equation 
(3.6), the dot notion "•" denotes the composition map, a is regarded as the multiplication 
map from Coo to itself, and e^ — >■ Coo is the additive map given by the function eL{z). 
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The ring homomorphism 0^ is a Drinfeld module of rank 2 over Coo associated to the 
A-lattice L of Coo- For 7^ a e A, we can see that ^^(2;) is a polynomial in z and is given 
as 

*'w=- n (1-;^) 

by checking the zeroes of eiiaz) and (f)^{eL{z)) and the coefficients of the first terms of the 
expansions of these two rigid analytic functions in terms of z. The homomorphism is 
determined by 

0^ = Tt° + ^lt + Alt'. (3.7) 
We notice that XL is also an A-lattice of Coo for A e C^ and e\L{\z) — \eL{z), therefore 

= exL(T\z) 
= XeL{Tz) 
= X<P^{eL{z)). 

Putting the above equation into equation (3.7) for 0^ and 0^^, we get 

TXe^iz) + gxLX'eLizy + A^LX'^e^izf = XTe^iz) + XgLeL{zy + XALeL{zf. 
Thus we have 

9XL = X'-'^ql, Axl = X'-'^'Al. (3.8) 
An A-latticc of Coo of rank 2 can be written as L = Awi © Acj2 ~ Az© A with Wi, ^2 ^ 
and z = Ui/u2 G Q (because L is discrete in the topology of Coo)- We define for the lattice 
= Az ® A C Coo with z eO. 

g{z)=gL^, Aiz)=AL^. (3.9) 
From the above equation (3.9), it is not difficult to see that for 7=^^ ^^gF 

gM = (cz + dy-'giz), A{-,z) = {cz + dY-^A{z). 

The two functions g{z) and A{z) on f2 can be expressed in terms of Eisenstein series E}^{z) 
(see [Gol] or Section 2, Chapter II of [Gel]), so they are rigid analytic functions on Q and 
are holomorphic at the cusp 00 of F. Therefore gi^z^ is a modular form of F of weight q — \ 
and type and Ai^z^ is a modular form of F of weight — 1 and type 0. 

The function A(z) on the Drinfeld's upper half plane is called the Drinfeld discriminant. 
We refer [Gel] and Chapter 4 of [G06] for more details and related topics of Drinfeld modules. 

Theorem 3.1. We have the following results with respect to the modular forms ofT: 

(1) (Goss, [Gol]) The space of modular forms with respect to the group F of type (and 
of all weights) is the polynomial ring Coo[5', A]. 

(2) (Gekeler, [Ge2]) The space of modular forms with respect to the group F (of all weights 
and all types) is the polynomial ring Coo[5', -P^+i,!]; where -Pg+1,1 is given in (3.5). 
Moreover, A = -(Pg+i^i)«-^ 

(3) (Goss, [Gol]; also see [Ge2]) The following two equalities hold: 

g{z) = iT^-T)E,_^iz), 

A{z) = {T'l" - T)E,2_,{z) + (T^ - TYE,_^{zy+\ (3.10) 
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4. Characteristic p valued measures on P^(koo) 

For a G koo and ^ p E koo, let Ba{\p\) = {x E koo : |x — a| < |p|} be the closed ball of 
radius \p\ centered at a, and let i?oo(|p|) = {x E koo : \x\ > \p^^\} U {oo}, which is viewed 
as a closed ball of radius \p\ centered at oo. A function / : Ba{\p\) — >■ Coo on the ball -Ba(|p|) 
is said to be analytic if / can be expanded as a Taylor series 



/(^) = X] '^'^ ( ) i'^^ ^ n > 0) 

n=0 VP/ 



(4.1) 



which is convergent for any x E Ba{\p\), i.e., c„ — >■ as n — > oo. And a function / : 
Boo{\p\) — >■ Coo is said to be analytic on B^{\p\) if g{x) :— /(-) is analytic on the ball 

Bom- 

Let S C P^(koo) be an open compact nonempty subset. Hence is a finite disjoint union 
of closed balls of positive radii. 

A function / : 5* — >■ Coo is said to be locally analytic (of order I, respectively) at the point 
a G 5 if / is analytic on some closed ball Ba which is centered at a and of positive radius (at 
least |7r|', respectively). And / is said to be locally analytic (of order /, respectively) on S 
if / is locally analytic (of order /, respectively) at every point of S. The space of all locally 
analytic functions (of order I, respectively) (taking values in Coo) on S is denoted by LA{S) 
{LAi{S), respectively). 

Remark 4.1. The above definition of local analyticity of order / is a little ambiguous, since the 
balls i?a(|7r|') may not be contained in S for a given positive integer /. But we have assumed 
that S is open compact, therefore Ba{\7i\^) C S as long as the integer / is sufficiently large 
(say |7r|' is less than or equal to the smallest value among all radii in a decomposition of S 
into finite disjoint union of closed balls of positive radii). So the definition makes sense, and 
we always assume that such an integer I in the above is sufficiently large. 

The space LAi{S) is equipped with a norm || • || as follows. We have a decomposition of 
S into a finite disjoint union 

S^[_\B„ (4.2) 

i 

where each B^ is a closed ball of radius |7r|'. We notice that if one of these closed balls, say 
Sjg, is centered at oo, then B^^ — Soo(|7r|') — {x E koo '■ kl > U {^}- Suppose 

/ G LAi(S). As every element of a closed ball is a center under a non- Archimedean absolute 
value, / has an expansion as equation (4.1) on each closed ball Bi in the decomposition (4.2): 

f\BAx) = J2^^n(^Y , (4.3) 
n>0 V / 

for any G Bi, and the expansion should be replaced by the following if B^^ is the closed 
ball centered at oo: 

X \ . . „, / 1 



X 



n>Q 

Then we define 

\\f\U = ma^{|Q„|}, and ||/|| = max{| |/| (4.4) 

n>0 I 

To see (4.4) is well defined, we need to show 
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Lemma 4.1. ||/||_Bj is independent of the choices of the center ai. 

Proof. Suppose bi e B^. Then hi is also a center of B^. And f\B^{x) has expansion (4.3) at 
Cj, and has the following expansion at hi as well: 

n>0 ^ ^ j>n \ / \ / 

As |6i-ai| < Ivr'l, | Q) | < 1, and \cij\ < WfWs,, we see that \\f\\'B^ ■= max„>o{|c^„|} < 

In the same way, we have II/IIb^ < ll/llsi) hence get the conclusion. □ 

It is easy to see that LAi{S) is a Banach space with the norm defined above. And we have 
the following sequence of closed inclusion of Banach spaces 

• • ■ LAi{S) LAi+i{S) LAi+2{S) 

and LA{S) = limLA,(S') = lJLAi{S). We equip LA{S) with the topology of direct limit. 

In our case, a subset W C LA{S) is closed if and only if 1^ fl LAi{S) is closed in LAi{S) for 
each sufficiently large integer /. This is equivalent to saying that for any topological space 
Z, a map / : LA{S) Z is continuous if and only if : LAi{S) Z is continuous 

for each sufficiently large I. 

We denote by M* = Homc^(M, Coo) the space of all Coo-hnear continuous maps from M 
to Coo for a given topological vector space M over Coo- 

Remark 4.2. Suppose (M, || ■ ||) is a separable Coo-Banach space. For any map f : M ^ Coo 
we define ||/|| = sup {|/(2^)|/||2^||}- Then 

M*^HomcUM, Coo) 

= {/ : / is Coo-linear and continuous from M to Coo } 
= {/ : / is Coo-linear and ||/|| < oo}. 

The elements of LA{S)* are called tempered distributions on S (with values taken in Coo), 
and we write (/,//) := fi{f) for fi e LA{S)* and / G LA{S). 

Remark 4.3. A Coo-valued distribution /i on S* is a Coo-linear function from the set 

P{S) = {U : U C S* is open and compact } 

to Coo which satisfies the finite additivity property: if U,V E P{S) and ?7 fl V = 0, then 
li{U UV) = n{U) + n{V). If {iJ'iU) : U G P{S)} is bounded, then is called a measure on S. 
Since locally constant functions on S are locally analytic, we see that an element fi G LA{S)* 
can be assigned for any open-compact subset U (Z S 

li{U) := (Mx),/.), 

where ^u{x) is the characteristic function of the subset U. Then it is easy to see that ji 
satisfies the finite additivity property, thus is a distribution on S. 



Definition 4.1. (1) For integers l,j > 0, and a E S, we define the following functions 
on S: 

\x-ay, ifxeBaM), 
0, if x^S„(|7r|0, 
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for Ba{\n\'') C S, provided that a ^ oo, and 



x{oo,l;j;x) = 



0, 



if X e 5oo(|7r|'), 
if x^5oo(|7r|0, 



for i?oo(|7r|') C S. where i?oo(K|') = G k^o : j.^^! > l^r ^|'}. And in what follows, 
we understand the term ix — a)^ on i?Q(|7r|') needs to be replaced by if a = oo. 

(2) The Coo-vector spaces P/"U > 0, are defined as: 

^/"^ = Coox(a,^;j;a:^), 

0<i<n 

the vector space generated by all the functions x(a, with < j < n, a e 5", 

over Coo- And we put 

P(") = limP/"\ 

where the direct limit is taken with respect to the injective maps P/"^ Pi+i- 

(3) Denote 

P(°°) = hm P^'*) , and P/°°^ = lim P/"^ , 

where the direct limits are taken over the injective maps P*-"-* — )■ p("+^) and P/"^ — >• 
p^{"+i) respectively. p(°°) is in fact the space of all locally polynomial functions over 
5", and P^°°^ those defined for balls of radius |7r|' (which are contained in 5"). 

As remark 4.3 indicates, an element /i e LA{S)* is a distribution on 5", thus it is natural 
to write 



f{x)dn{x) := {f,ii) 



for / e LA{S). And we also write for an open compact subset U C S 



f{x)dfj,{x) 



f{x)iu{x)dn{x) 



provided that f{x) is locally analytic over U , and we extend / by outside of U in the second 
integral. We notice that for ii e LA{S)* , the set {/x(^7) = {iu{x),ii) : U G S open compact} 
does not determine Instead we have 

Proposition 4.1. (1) /x e (p/°°))* = i/omc^(P/~\ Coo) can be extended to an element 
of {LAi{S))* if and only if 



X{a,l;j;x)dii{x) 



X{a,l;j;x)dii{x) 



< C ■ |7r|'^ 



for any j >0 and any Pa(|7r|') C 5", where C is a constant depending only on ii. 
(2) n e (p(~))* = Homc^{P^°°\ Coo) can he extended to an element of {LA{S))* if and 
only if 



Xia,l;j;x)d(i{x) 



X{a,l;j;x)d(x{x] 



< C{1) ■ |7^|'^ 



for any sufficiently large integer I, any j > 0, and any Pa(|7r|') C S, where C{1) is a 
constant depending only on I and /i. 
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Proof. Since the topology on LA{S) is induced from those of all LAi{S)''s, we need only 
prove (1). Suppose /x G (-P/°^ 
denoted hy ji. By remark 4.2, 



prove (1). Suppose /x G {^p^°°^y can be extended to an element of LAii^S), which is still 



/ X{a,l\j\x)dn{x) = / {x-ay 



< 



< 



x{|t|0 

1^1 



''dfi^x) 



TT 



X — a 



TT' 



vr 



if oo ^ -Ba(|7r|'). And similarly if oo G 5a(|7r|') (therefore a = oo by the assumption on the 
notation i?a(|7r|')). 

Conversely, suppose the condition holds, and / G LAi{S). Then we decompose S — \_\^Bi 
as a finite disjoint union of closed balls of radius |7rp. On each Sj, the function / can be 
expanded as 

(2 ■ \ " 

^ j , with G -Bj, and q„ ^ as n ^ oo 

(if oo G Sj, the function f{x) — g{l/x) for some analytic function g on 5o(|7r|'), and we get 
the expansion of / in terms of the parameter 1/x hy the expansion of g, then we proceed 

similarly). Therefore we extend // G (P/°°'*)* by defining 



i n>0 ''^i 



aiy'dfj.{x) 



which is convergent under the given assumption. The assumption on G (p^^'^-')* also implies 
that the extension of // to LAi{S) is continuous. □ 

Remark 4.4. In Proposition 4.1, the estimate on the condition for jj, G (p(°°))* to be ex- 
tendable to an element of {LA{S)y is based on the topology of the space of locally analytic 
functions. In the following definition, we are going to specify the constant C{1) in (2) of 
Proposition 4.1 and define the "/i- admissible" measures, which will be proved dual to the 
C'^-functions. 

Definition 4.2. For a non-negative integer h, a linear functional /i G (pC^))* is called an 
/i-admissible measure on S, if it satisfies the following growth condition: 



{x — aydii{x) 



BaiM^) 



< C - Itt 



(4.5) 



for < j < h, any / sufficiently large, and any Pa(|7r|') C S, where C is a constant depending 
only on /x. If a = oo, then (4.5) should be understood as 



/ (-)■ 



dfi{x] 



< c - k 



Remark 4.5. This definition is a little bit different from [Vil] and [Vi2] by Vishik. The right 
side of (4.5) is o(l) • \tt\''^^~^^ in Vishik's papers. This change is made in order to relate the 
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/i- admissible measures with C'*-functions on S instead of functions satisfying the "/i-th order 
Lipschitz" condition. 

It is clear from the above definition that the 0-admissible measures on S are exactly the 
measures on S. In general, the /i- admissible measures on S are dual to the space of 
functions on S. Since koo is of characteristic p > 0, the definition of differentiability of a 
function is a little different to the usual one in the case of characteristic 0. At first, we consider 
the functions on closed balls of P^(koo) and follow Schikhof's definition of C"-functions [Sc]. 

Definition 4.3. Let B C koo be a closed ball of positive radius. For an integer n > 0, set 

= {{xi, X2, • • • , Xn) e 5" : 7^ Xj iii^j }. 

The n-th order difference quotient $„/ : A"+^S — > Coo of a function f : B ^ is 
inductively defined by 

%f = /, 

.w X (^n-lf)(xi,X3,--- ,Xn+l) - {^n-lf)(x2,X3,--- ,Xn+l) 

[^nj)[Xl, X2, - ■ ■ , Xn+1 — 

Xi - X2 

for n > 1 and {xi,X2, ■ ■ ■ ,Xn+i) £ A^~^^B. The function / is called a C"-function on B if 
$„/ can be extended to a continuous function : 5"+^ — ). Coo- For B = Boo{\n\^), we 
change the parameter of B by the transform (p : x ^ 1/x and make a similar definition. 
Since is one-to-one and continuous on B, the definition of differentiabihty of functions 
on B' C Soo(|7r|') for B' a closed ball not containing oo agrees with that on B^{\7r\''). For 
convenience, it is understood throughout this paper that such a transform is automatically 
applied to change the parameter whenever the closed ball B is centered at oo. 

The space of C"-functions from B to Coo is denoted by C"(S). For / e C"(S) and x e B, 
set 

Dnf{x) = ^nf{x, X, - ■ ■ ,x) for n> , and Dof{x) = f{x). 

Dnf is the n-th order hyper-derivative of the function /. We have the following characteri- 
zation of C"-functions on B, in terms of Taylor expansions: 

Theorem 4.1 (Section 29 & Section 83, [Sc]). Let B be a closed ball of positive radius. If 
f e C^B), then for all x,yeB, 

n-1 

fix) = f{y) + Y.^x - yyDjfiy) + {x- yrWJ){x, y,---,y) 

n 

= fiy) + - yy^^fiy) + - yr{WJ)ix,y, ■■■,y)- Dj{y)). 

Conversely, let f he a function on B . If there exist continuous functions Ai, ■ ■ ■ , A„_i : B 
Coo o-T^d A„ : B X B ^ Coo such that 

n-1 

fix) = f(y) + ^(x - y)'Xj(y) + (x - y)"An(x, y) (x, y e A^), 
then f e C"^(5). 
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C"(i?) is a Banach space over Coo with the norm || ■ ||„ defined by 

I I/I U = max { 1 1 (1^1 loo, 1 1 I loo, • • • , I \WJ)\\oo] for / e C^{A^) (4.6) 

where the functions {^jf ) for < j' < n are as in Definition 4.3, and || • ||oo is the sup norm 
of the functions on the respective topological spaces. As the spaces B^ — BxBx---xB 
(j times, 1 < j < n + 1) are compact, the right side of (4.6) is finite. On the notation of the 
norm, we use || ■ ||c"{b) foi' II " IU if any confusion may occur. 

In the case B = A^. The functions in C"(Aoo) (as well as LAn{A^) and LA{A(^)) can 
be described by the Carlitz basis {Gn{x)}n>o, where Gn{x) is a polynomial of degree n for 
each integer n > 0, they are defined in the following. Set 

• [i] = TT^' — TT for i positive integer; 

• Lj = 1 if i = 0; and Li = [i] ■ [i — 1] ■ ■ ■ [1] if i is a positive integer; 

• = 1 if i = 0; and Di = [i] ■ [i — 1]' • • • [1]''* if i is a positive integer; 

• ei{x) =x,iii = 0; ei{x) = tlaew,[n],degA'^)<i(^ ~ if ^ is a positive integer; 

• Ei{x) = ei{x)/Di, for each non-negative integer i. 

Thus we see that ei{x) and Ei{x) are F^- linear polynomials of degree g*. For any non-negative 
integer n, write n in g-digit expansion: n — Uq + rii q + ■ ■ ■ + Ug with < rij < g, the 
Carlitz polynomial Gn{x) is defined by 

s 

Gn{x) = i[mx)r. 

i=0 

Theorem 4.2 (Wagner [Wa], also see [Go4] or [Ya3]). The Carlitz polynomials Gn{x) (n> 0) 
constitute an orthonormal basis of the Banach space C(Aoo) of continuous functions from 
Aoo to Coo with the sup norm, that is, any f e C(Aoo) can be expressed as 

oo 

f{x) — QnGnix), with a„ e Coo; O'lT'd a„ — )■ as n ^ oo. 

n=0 

And the norm \ \f\\ (which is also denoted by ||/||o in (4-6)) is given by 

11/11 := sup {\f{x)\} = max{|a„|}. 

Theorem 4.3 ([Yal], [YaS]). For integers j,l > 0, let pLjj = J2Zi+i\J /^l']- 

(1) The polynomials tt^J'' Gj{x) with j > constitute an orthonorm,al basis of the Banach 
space LAi{Aoc), that is, any f G LA;(Aoo) can be expanded as f{x) = Yl'jLo OjTr''-''' Gj{x) 
with aj —?■ as i —f oo, and 1 1/| |lA((Aoo) = i^axj{|aj|}. 

(2) Let f{x) = Yl'jLo(ij Gj{x) be a continuous function from Aoo to Coo- Then f e 
C"(Aoo) if and only z/lim^-^oo |%|i" = 0. 

From (2) of the above theorem, we can define a norm || ■ ||^ on C"(Aoo) by 
ll/li; :=max{|a,-| • \^--^'^^^^^} for f{x) ^^ajGj{x) e C-(Aoo) 

j>0 

so that (C"^(Aoo), II • 11^) is a Banach space over Coo- 
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Remark 4.6. The norm 1 1 • 1 1^ and the norm 1 1 • 1 1„ defined in (4.6) (take B = A^) on C"'(Aoo) 
are equivalent, that is, there exist constants Ai > and A2 > such that Ai|| • ||„ < || • < 
A2II • ||n- This can be seen through the computation of the difference qiiotients of the Carhtz 
polynomials Gn{x), which is carried out in the proof of Theorem 5.1 in [Ya3]. 

Due to the above remark, we will use the same notation || • ||„ for the two norms || • ||„ 
and||-||>n C"(Aoo). 

Corollary 4.1. For n > an integer, (C"'(Aoo),|| • ||n) is a Coo-Banach space with an 
orthonormal basis {n'^^^"^i^^Gj{x)}j>o. 

On a closed ball B = i?a(|7r|'"), a function / can be expressed as f{x) = g{{x — a)/n^°) 
for some function g on Aqq, and / G C"'{B) if and only ii g & C"'{A^). Hence we get the 
following 

Corollary 4.2. Let B = i?a(|7r|'"). For n > an integer, {C^{B), \\ ■ ||„) is a Coo-Banach 

space with an orthonormal basis {7r"['°Sqj] Gj{{x — a)/7r'°)}j>o. 

Corollary 4.3. Let B = _Ba(|7r|'"). The polynomials 'n-^^'^Gj{{x—a)/7r'''^) with j > constitute 
an orthonormal basis of the Banach space LAi{B), where fijj is as in Theorem 4-3. 

To study the C"-functions on the open compact subset S C P"'^(koo), we fix a decomposition 
(4.2): S = \_\-Bi, where each Bi is a closed ball of radius IttI'". A function / on 5 is called of 
C" if and only if /Ib^ is of C", and the space of all C"- functions on S is denoted by C"(5'). 
We define a norm || • ||„ on C"(S') by 

= max{||/||cn(B,)}. 



Then {G"'{S), || ■ ||n) is a Banach space over Coo- 
Lemma 4.2. Let iJ,n,i = ^ [n/q^]. Then 

i>l+l 

- (g-l)g^ +^~^"g^''~-^- 

Proof. Express n in g-digit expansion: n = n^q^ + • • • + riiq + tiq with n^j ^ 0. Let 
s(n, I) — -\- ■ • ■ -\- ni+2 + ni+i, and t{n, I) — + • — h riiq + tiq. We have 

[n/^'+^j = n^q""'^'^ + ■■■ + ni+2q + ni+i, 

[n/g'+'j ^n^q'"-'-' + --- + ni+2, 



Add up the above equations, column by column on the right sides, then 
l^n,i = riyj h Uyj-i \ h ni+i - 

g — 1 g — 1 g — 1 

q~\n — t{n, I)) — s{n, I) 

" g^^i 

n — t{n, I) — q^s{n, I) 

" (g - i)g' ■ 
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It's easily seen that s(n, I) < {q — l)(w — /) < {q — l)(logqn — /) and t{n, I) < {q — 
therefore > j^:^ + / - log^ n-l. □ 

Proposition 4.2. Let h he a non-negative integer. If n & {C^{S))* , then fi is an h- admissible 
measure on S. 

Proof. We need to prove the inequahty (4.5). Write Bi = i?(j.(|7r|^°) for each i in the decom- 
position 5" = LJ^ Bi. Then any closed ball Sa(|7r|') C is contained in Bi for some i. Hence 
((x — a)/{'K^)Y -CscdTrioC^) locally analytic of order I and has norm 1 in the space LAi{Bi) 
or LAi{S). Corollary 4.3 implies 

(^1 Ui\.Y){x) = Y,a^7^^-'^G^{{x-ai)/'K'-), (4.7) 



n=0 

n 



where a„ — )■ as n ^ oo, |a„| < 1 for all n > 0. And u„ i > — r + / — 1 — log. n, by 

{q - l)qi ^ 

Lemma 4.2. Also Corollary 4.2 implies 



< ll/^ll(C"'(Bi))* < ll/^ll(C''(5))* 



since e (C"^(5))* and C^{Bi) C ^^(5). Therefore 

V (^a„7r'^-' ^ ^^((x - a,)/7r'°)d/x(x)^ > - 1 - log, n + l-C^- (log, n)/i (4.8) 

where Ci does not depend on Z. A little calculation on the minimum value of the function 
= (^ZTj7 -{h+ l)(log,x) gives - {h + l)(log,n) > C2 - l{h + 1), where the 

constant C2 does not depend on I or n. Therefore the right side of (4.8) is greater than or 
equal to C3 — Ih with C3 a constant not depending on I or n. Integrating the equation (4.7), 
we get the required estimation. □ 

Now we are going to show that the converse of Proposition 4.2 is also true. Suppose /i is 
an /i-admissible measure on S. 

For each fixed integer I which is sufficiently large, we have the finite disjoint decomposition 

0<i<r-(0 

where r{l) is a positive integer depending on I, and fix a point an inside each closed ball 

Let / G C^{S). For any a E S, there exists a i?j(|7r|') containing this element a. From 
Theorem 4.1, the function / has a Taylor expansion on i?j(|7r|'): 

fix) = f{a) + Df{a){x - a) + ■ ■ ■ + Dhf{a){x - af + A;,(/; x, a){x - af (4.9) 

where Ah{f;x,a) is continuous on i?j(|7r|') x i?j(|7r|') and lim^^a ^h{f x , a) = 0. The Rie- 
mann sum of / with respect to the /i-admissible measure is defined by 

h 

{«m}) = Yl Y^jfM(x{i^j,ai,i;x),IJ') (4.10) 

0<i<r{l) j=0 

Lemma 4.3 (Schikhof, Theorem 78.2 of [Sc]). Let h be any non-negative integer and f £ 
C'iS). Then Djf e C'-^iS) and DiDjf = A+j/ /or < i, < j, and i + j < h. 
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Lemma 4.4. The limit limi^^ Ri{f , /i, {a^i}) exists, and does not depend on the choices of 
(11,1 £ -Si(|7r|') for any I sufficiently large and < i < r{l). And we define 



/ f{x)dii{x) = lim Ri{f, /x, {a^}). (4.11) 



Proof. The proof here is similar to Vishik's paper [Vil], where the integral is with respect 
to the h-th order Lipshitz functions instead of C'*-function. At first we prove the limit does 
not depend on the choices of {a;,i}o<i<r(0 if it exists. Let bi^i e Sj(|7r|') be another choice for 
each I and i. Then 

Ri{f,f^,{biA) 

0<i<r{l) 0<j<h 



0<i<r{l) 0<j<h 0<k<j ^ ^ 

E EE \ ^)Dj+kf{Ki)i(^i,i-kiyix{%iJ-,k;x),fi{x)). 



0<i<r(0 fc=0 j=Q 



But 



^ fi + k\ 

by making an appropriate substitution in (4.9) and applying Lemma 4.3, therefore 

Rl{f.l^A\r]) 

ril) h 

^RiU, 1^, ~ E E ^h(Dkf; ai,i, bi,i)(ai,i - bi,i)^~''(x{ai,i, h k] x),ii(x)). 

1=0 k=0 

This proves hm (i?/(/, /x, {6;^^}) — Ri{f,fi,{ai^i})) = 0, by the condition (4.5) on ^ and 

lim Ah{Dkf; ai^i, bi^i) = for each k with < k < h. Therefore the limit hm Ri{f, /i, {a;,i}), 

if it exists, does not depend on the choices of ai,i G i?j(|7r|') for each i and /. 

Now let m > I. Then i?j(|7r|^) can be decomposed disjointly into smaller balls for 
each i: 

BM^) = □ S,(,)(|7rr). 

s{i)El{l,m,i) 
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Therefore 



'■(0 h /■ /A 



=0 i=0 s(i)G/a,m,i) k=0 "^^sWd'^l'") 

r{0 7i /i 



i=0 s{i)a{l,m,i) k=0 j=k •/S,(,)(|7rr) 

i=0 s(i)eia,m'i) k=0 '^S,(,){|7r|™) 



Applying the definition of Riemann sum for /i- admissible measures, we get 



r{l) 

h-k 



m.sn) 

i=0 s{{)£l{l,m,i) k=0 



(4.12) 



X / {x- am,s{i)fdii{x). 

J B,,,-,(\tt\^) 



'B«(i)(kr) 

Let m = / + 1. We see from (4.12) that 

|-R/(/,/^, {om}) --Ri+i(/,/^, {«i+i,i})l <C ■ sup {\Kh{Dkf\arn,s{i),ai,i)\}, 

k,i,s(i) 

where C is a constant. So for any e > 0, there exists an integer > such that 

\Ri{f,l^,{(^i,i}) - Ri+i{f,l^,{(^i+i,i})\ < e 

for any I > N. Therefore {i?;(/, /x, {a^^j)}; is a Cauchy sequence in Coo- Thus the hmit 
lim Ri{f, {ai^i}) exists. □ 

From this lemma, an /i-admissible measure /i on S extends to a linear functional on C^{S). 
Its extension on C^(S) is still denoted by fx. 

Corollary 4.4. An h-admissible measure /j, satisfies 



/ {x — aydn{x) 
Jb{\^\i) 



<C- \Txf^-^^ 



for all j > 0, and a e S(|7r|') C S (where C is a constant not depending on S(|7r|') ). 
Proof. Apply the definition of Riemann sum for an /i-admissible measure. □ 
Proposition 4.3. The extended functional /i on C'^IS) is continuous, so ^ & {C'^{S))*. 
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Proof. We need to prove ii is bounded. Let / e C'^{S). In the proof of Lemma 4.4, take 
^— I I/Ik) then there exists a sufficiently large integer N, such that 

\RN{f,^i,{aM,})-Riif,^^,M)\ < ll/lk (4-13) 
for any I > N. Meanwhile, 

r{N) h . 

-Rjv(/, IJ', {aN,i}) = y2y2 ^jfi^N,i) / {x- aN,iydii{x). 

From inaXj^i{\Djf{aN^i)\} < maxj{| |$j/| |oo} < Ci ■ \\f\\h and the inequality (4.5) in the 
definition of /i-admissible measures, it is clear that \RN{f,fJ', {(iN,i})\ < C2 ■ \ \f\\h- Therefore 
\Ri{f,l^, {ai,i})\ < C3 • ll/lk from (4.13) for any / > N. This implies 



f{x)dn{x) 



3 • 



thus jj, is bounded as a functional on C^{S). □ 

Prom all of the above discussion, we conclude 

Theorem 4.4. The space of h- admissible measures on S is dual to the Coo-Banach space 
{C\Sl\\-\\n). 

5. Functions on Bruhat-Tits trees 

In this section, we'll recall Teitelbaum's results [Tel] on the correspondence between the 
space of cusp forms and the space of harmonic functions on the edges of the Bruhat-Tits 
tree T. Let M be an abelian group and G an arithmetic subgroup of GL2(k). Recall that 
T = (V7-, Ej-) is the Bruhat-Tits tree associated to the field with an orientation chosen 
in Section 2. And Ej- = E^ U E:^ with E^ the set of edges of positive orientation and E:j- 
the set of edges of negative orientation. 

An M-valued function c on the set Ej- of edges of T is called harmonic if the following 
two conditions are satisfied: 

(1) ^g^^ c(e) = for any vertex v e V7-, where the sum is taken over all the oriented 
edges with final vertex v] 

(2) for each e e Ej-, we have c(e) -|- c(e) = 0, where e denotes the opposite edge of e. 

For a positive integer n, let 

V{n) = {F{X, Y) e Coo[^, Y]: F is homogeneous of degree n - 1}. 
There is a natural action of GL2(koo) on V{n) given by 

(7 ■ F){X, Y) = F{aX + bY, cX + dY) 

for 7 = ^ ^ ^ ^ e GL2(koo) and F e V{n). We assume GL2(koo) acts trivially on the field 

Coo, and acts on V{—n) — Homc<^(T^(n), Coo) by diagonal, that is, 

(7 • A)(F) = A(7-^ • F) for 7 e GL2(koo), A e V{-n), and F e V{n). 

Suppose the arithmetic subgroup G acts on the Bruhat-Tits tree T, with the action 
denoted by "V . The space Char(G', n) of harmonic cocycles of weight n for G is defined to be 
the space of G- invariant V{l—n) (8)det valued harmonic functions on E-j-- Here the notation 
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"det" represents the determinantal representation of G, it twists the representation V{l — n) 
(the group G acts on V{1 — n) ® det by diagonal). Therefore c G Char(G, n) if and only if 

c(7*e)(F(X,y)) = det(7) •c(e)(F(aX + 6y,cX + (iy)) (5.1) 

for e e Ef, F e y(n — 1), and 7 as above. And the above condition on c is also equivalent 
to 

c(7*e)(XY"-'-0 = det(7) • c(e)((aX + hY)\cX + dy)^"-^-^)). (5.2) 

Remark 5.1. As G is a subgroup of GL2(k) C GL2(koo), it has an induced action on the 
Bruhat-Tits tree T from the natural action of GL2(koo) on © In the subsequent 
content, we are also going to use an action "*" defined by 

for 7 G GL2(koo) and v G koo ® koo, 7 * v := (7"^)'^ • v 

where "•" denotes the natural action. 

To any oriented edge e G Eq-^ we associate with the set U{e) of ends of T which pass 
through e. By using the bijection between the set of ends of T and P^(koo) chosen in Section 
2, we also denote the corresponding subset of P^(koo) by U (e). Then U (e) is an open compact 
subset of P^(koo). 

Example 5.1. For the edges e = AqAi, AiAq, A1A2 on the half line (2.6), we have 

U{^o^l) = G koo : \x\ > U {00} = fioo(kH, 

f/(AiAo) = {xek^: \x\ < |7r|°} = Bo(k|°) = Aoo, 
f/(AiA2) = G koo : \x\ > \7r\-^} U {00} = 5oo(|7r|'). 
And more generally, for an integer m > 

U{A„,Arn+i) = {x e koo : \x\ > |7r|-(-+i)} U {00} = i^oo(kr+^), 
C/(A„+iA„) = {x G koo : \x\ < IttI"'"} = Bo{\7r\-"'). 
Example 5.2. Consider the edges on the half hue: 

o o o o (5.3) 

Ao A_i A_2 A-m 

where A_^ is the equivalence class of the lattice = 7r"^Aoo © A^o for each integer m > 0. 
Then 

[/(A_^A_(^+i)) = {x G koo : \x\ < \nr+'} = Bo(|7r|'"+^), 
C/(A_(„+i)A_„) = {x G koo : \x\ > iTrD U {00} = BM'^- 

Example 5.3. In general, let Mj = [7r-'vi,a:vi + V2] denote the equivalence class of lattice 
generated by tt-'vi and xvi + V2 (the two vectors Vi = (1, 0)"^, V2 = (0, 1)"^ are the standard 
basis of y = koo © koo) on the half line (2.5), where x = Yl'^j^ CjTi^ G koo and Cj G Fg, then 
a little computation shows that 

U{M,M,+-,) ={y G koo : \y - x\ < = B^{\'kY+^), 

U{Mj+iMj) ={y G koo : \y - x\ = \n\^} U G koo : \y - x\ = \7r\'-^} 

U ■ ■ ■ U {y G koo : \y-x\ = |7rp"} U {y G koo : \y\ > k^"'} U {00} 

={y G koo : \y-x\> \7iy}. 
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Notice that the set of ends of T is in bijection with P^(koo), as explained in Section 2, we 
conclude from the above examples that 

Proposition 5.1. (1) For any j & 1^ and any x e koo, we have 

S^dTTp) = U{Mj_iMj), BM') = t^(A,-iA,-), 

where the notations are as in the Examples 5.1-5.3. 

(2) For any e e E-j-, we have P^(koo) = U{e) U U{e). And oo e U{e) if and only if 
e e E+. 

For an integer n > 2, a harmonic cocycle c G Chaj.{G,n) can be associated with a e 
(p(n-2))* = Homc^(P("-^\Coo) (the space P(") is defined in Definition 4.1) as follows. 
Given an e e Ej- and an integer i with 0<i<n — 2, we define 

/ x'dii,{x) = c(e)(X'F"-2-'), ^54^) 
Ju(e) 

and extend to p("~2) by linearity. Proposition 5.1 assures Hc G (p("~2)^*_ 

Lemma 5.1 ([Tel]). For c e Cha.r{G,n), 7=^^ d)^^'^^ ^ ^ polynomial 

of degree at most n — 2, the following holds. 
(1) we have 

I f{x)dnc{x)= [ det{-f)- f{-fx){cx + d)''-^dfx,{x), (5.5) 

Juij-ke) Ju{e) 

where the action of G G GL2(koo) on P^(koo) is given by ^x — {ax + b)/{cx + d). 

(2) 

/ f{x)dii,{x) = 0. (5.6) 

(3) There exists a constant G > such that for all < i < n — 2, 



{x — aydijLc(x) 

U(e) 



< Cp(e)^-("-')/2^ (5.7) 



where e e Ej-, a e U{e), and p{e) = sup^ y^^(^^■^ \x — y\ is the diameter (or radius, 
the same in ultra-metric analysis) ofU{e). 

Proof See [Tel]. □ 

Let h be the smallest integer greater than or equal to (n — 2)/2. 

By Proposition 5.1, every closed ball is of the form U{e) for some edge e of the tree 
T, therefore the inequality (5.7) implies that the measure [x^ is /i-admissible on any open 
compact subset 5* of ko^. Hence the functions of G^{S) are integrable against /x^ by Theorem 
4.4. For Poo(|7r|"^) = C/(A^_iA^) — {x & koo '■ \x\ > \'^\~'^} U {oo} where m is an integer, 
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we can decompose it as 

5oo(k|™) 



[[}{xe\^oo: |x| = |7r|-^})y({xekoo: |x| > |7r|-('+^)} U {oo}) 

\m<s<l ) 



for / > m a large integer, and define for an integer i > 



/ 



X ^d/icix) = lim 



The limit of (5.8) exists because 



(5.8) 



ceFq* m<S<l " -"CTT 



Se.-.(k|-^ + l) 



X "^dudx) 



< 



1 



< Q . |^|Ki+{n-2)/2) 



1 + — CTT 'j/(C7r 'j/ 



where C is a constant independent of the closed balls contained in P^(koo), and we have the 
estimate 

< . (•|^|mj{i+("-2)/2) 



for i > 



(5.9) 



X *(i/Xc(a;) 

where C is a constant independent of the closed balls contained in P^(koo)- 

In Lemma 5.1, wc take e = Am-i^m- Then e = AmA^-i is the edge with opposite 
orientation of that of e, and U{e) = B^dnl""), U{e) = 5o(|7r|-(™-i)). Therefore c(e) + c(e) = 
implies 



BodTl-C-"-!)) 



x^diJ,c{x) 



<C-{\n 



m\-i+in-2)/2 



(5.10) 



x^diJ,c{x) = 
Combine (5.9) and (5.10), we have 

Proposition 5.2 ([Tel]). There exists a constant C such that for m e Z and — oo <i< n—2 

x'dii,{x) <C-(|7rr)-'+("-')/'. (5.11) 

Therefore by recalling Theorem 4.4 of Section 4, we have 
Corollary 5.1. The map 

Cha.(G',n) ^ (C"^(pi(koo))* 

injects Char(G, n) mto (C'^(P^(koo))* as i/ie subspace of h- admissible measures satisfying the 
equations (5.5) and (5.6) for a polynomial f of degree at most n — 2. 

Proof. As every closed ball of P^(koo) is of the form U{e) for some e G Ej- by Proposition 
5.1, this is direct from the estimates (5.7) and (5.11). □ 
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Remark 5.2. Due to the inequality (5.10), not only we can integrate C'^ functions on P^(koo) 
against /ic, but also we can integrate those functions with a pole at oo of order at most n — 2. 
More generally, if the integral Jjj^^^ f{x)diic{x) is defined for a function / and an edge e 
of T, then we can also formally define 

/ f{x)dix,{x) := - / f{x)dtx,{x). (5.12) 

JU{e) Ju(e) 

We'll always apply this convention in the subsequent discussion. Finally, we notice that 
although He is constructed as an element of (p("^2)^* definition, but we see that fi^ is 
determined by its values on P('*\ 

Corollary 5.2. Equation (5.5) induces an action of G on Char(G^,^); when viewed as a 
subspace of (C'iF^k^)))* : 

7 • diJ,c{x) = det(7)(ca; + d)"'~'^diJ,c{x) for c G Char(G, n) and 7 = ^ ^ ^ ^ • (5.13) 

There is a natural relation between the Bruhat-Titts tree T and the Drinfeld's upper 
half plane fl, which we will describe below, more exposition about it can be found in [GR]. 
The Bruhat-Tits tree T is in fact a pair of sets Vj- and Ej- with two maps o, t : Eq — > Vj- 
designating the origin o(e) and the terminal t{e) of an element e of Ej-, and an orientation 
given in Section 2. Let T(M) be the the realization of T consisting of a unit interval for every 
edge (without considering orientation) of T which is glued at the extremities according to 
the incidence relations of T. The set of vertices of T(M) is T(Z), which corresponds to VV- 

An edge e of T(M) corresponds to some edge [-^^][-^^'], where L and L' are Aoo-lattices of 
V — ® satisfying ttL' C L C L' (which is the same as saying that d{[L], [L']) = 1 in 
Section 2). Then every point P of e can be formally expressed as 

P = (1 - t)[L] + t[L'] for < i < 1. (5.14) 

We have defined an action 7 • [L] for 7 e GL2(koo) and L an Aoo-lattice in Section 2, which 
is induced from the ordinary action of GL2(koo) onV — \s.^ © k^o. There is another action 

GU(k^) X Vr ^ Vr ..... 
(7 , [L]) ^ j*[L]:=i^n-^.[L]^[i^^)-^.L] ^^-^^^ 

which induces an action "*" of GL2(koo) on T(M). 
To any lattice L of V, we associate a norm z/^ by 

^l{v) — inf{|x| : x G iioo,v G xL}, for any v eV . (5.16) 

This is equivalent to saying that L is the unit ball with respect to vl. And for the point 
P G T(M) in (5.14), we define a norm up by 

up^v) = max{h'L{v),q'^i'L'{v)}, for f G . (5-17) 

Two norms Ui and 1^2 on V are said to be similar if there exists a real number C > such 
that ^2 = Cui. Similarity of norms on V is an equivalence relation. The equivalence class 
of u is denoted by [u]. It is easy to see that equivalent lattices correspond to similar norms, 
and we have the well-defined notions — [i^l] and [up] according to (5.14)-(5.17). 

Example 5.4. If we denote by L = Aoo © Aoo, and L' — nA^o © Aoo, then for v — (a, 6)^ G 

^l{v) = max{|a|, ^l'{v) = max{g • \a\, \b\}. 
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The group GL2(koo) acts on the space of similarity classes of norms on V by 

(7 . = -t;) (5.18) 

for 7 G GL2(koo), f G V, and u a norm on V (this induces an action 7 • [i/]), where 7^ 
denotes the transpose of the matrix 7. 

Theorem 5.1 (Goldman-Iwahori, see [GR]). The association of a point P in T(M) with [vp] 
establishes a canonical GL2{k^) -equivariant bijection between T(M) (with respect to the 
action defined by the equation (5.15)) and the space of similarity classes of norms on V. 

To any z & fl we also associate [uz] of the norm on V by 

PziiUjV)) := \uz + v\ for-u,fGkoo- (5.19) 

Due to Theorem 5.1, wc can identify T(]R) with the space of similarity classes of norms on 
V. Therefore (5.19) gives the "building map" 

x-.n^ r(M) 

z H> [uz]. 

The image of A is T(Q). 

Proposition 5.3 ([GR]). The building map A is GL2{koo)-equivariant, that is, it satisfies 

A (72;) = [u^^] = 7 • [u^] 
for any z G and any 7 G GL2(koo)- 

Proof. This is a direct verification. Notice that the notion of the action of GL2(koo) given 
by (5.18) is a little different from [GR], the group GL2(koo) always acts on the left in this 
paper. □ 

Example 5.5. Let A„ be the equivalence class of the Aoo-lattice L„ = 7r~"Aoo ® Aoo as in 
Section 2. 

(1) X-\An) = {zen: \z- CTT^'l = |7r"| for all c G }. 

(2) Let in = A„Aji_|_i G T(]R) be the edge with the two end points A„ and A^+i, and e„ 
the edge with the two end points removed. Then 

X-\en) ^{zen-. |7r"+^| < 1^1 < |7r"|}, 

[en)-<^zeu: |^_c7r"| > |7r"|,|z-c7r"+^| > |7r"+Vor allcGF* J" 

These relations can be verified directly from the definition of the building map A. A natural 
way to understand them is by considering some analytic reduction of O to a locally finite 
scheme over F^, which gives rise to the Bruhat-Tits tree T, as in [GR]. 

Now wc identify T with its realization T(M) and let e„ be as in Example 5.5. Let e G £'7- 
with the two endpoints removed and D{e) = A~^(e). Then 

D := D{eo) ^ {z e fl : \n\ < \z\ < 1} 

is a fundamental region of fl. Since eo = AqAi is a fundamental domain of the action of 
GL2(koo)''' on T as explained in Section 2, we have 

e = 7 * eo = (7"')^ • eo (5.20) 
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and there is an isomorphism 

^ ^ (5.21) 

given by an element 7 G GL2(koo)'^, from Theorem 5.1 and Proposition 5.3. Then any rigid 
differential form fdz on D{e) can be expressed by 

^aydv. (5.22) 

We have the following definitions with respect to rigid differential forms (see [Tel]). 

• Define Res^fdz := a_i, where a_i is the coefficient of v~^dv in the equation (5.22). 
Here e e Er is an oriented edge which is related to cq by (5.20). 

• Suppose / is a modular form of weight n for an arithmetic subgroup G C GL2(k). 
Then define a harmonic cocycle Res(/) of weight n by 

Res(/) (e) (XV"-^-^ := ReSe z'f{z)dz. (5.23) 

In the above definitions and the discussions throughout the rest of this paper, we will not 
distinguish an edge with the end points or without the end points, since the results will be 
the same. It can be verified that Res(/) is harmonic and G-equivariant (note that we need 
to use the action "*" of G on T defined in (5.15) for Res(/) to be G-equivariant). 

Theorem 5.2 (Teitelbaum, [Tel]). Let c G C'har(G, n) be a harmonic cocycle of weight n > 2 
for the arithmetic group G, and let fi^ he the associated measure. Define f by the integral 



f{z) = [ -^—diic{x). 



'Pi(koc) 

Then f is a rigid analytic cusp form for G of weight n and Res(/) = c. Moreover, let e G 
(thus 00 ^ U{e)) and a be a center of U{e). Then for all m & I^, we have 

Rese{z-a)"'f{z)dz= [ {x - a)"'dfi,{x). (5.24) 

Ju{e) 

Remark 5.3. In the equation (5.24) of Theorem 5.2, the integral J^(^g^{x — a)'^diJ,c{x) is 
certainly well defined for all m > 0, because oc ^ f/(e) and so {x — a)"^ is an analytic 
function on U{e) when m > 0. For m < 0, the function {x — a)™" has a pole at the point 
a G U{e), therefore the integral can not be defined directly. But the function {x — a)"* is 
analytic on U{e), thus we set 



{x - a)"'dfjL,{x) := - / {x- a)"'dfjL,{x) 

IU{e) Ju{e) 

as Remark 5.2 explains. 

Theorem 5.3 (Teitelbaum, [Tel]). Let G be an arithmetic subgroup of GL2(k), and let 
Sn{G) denote the space of rigid cusp forms of weitht n>2 for G. Then the maps 

Res:5n(G)^Ghar(G,n) 

and 

L:G^^{G,n) ^ Sn{G) 

c ^ /pi(k„.) i^^/^c(a:) 

are mutually inverse isomorphisms. 
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The set Ui = {x e : |a; — 1| < 1} of 1-units of k^o can be given as 

Ui = U{MoMi) 

where MqMi is the edge with initial vertex Mq = [vi, V2] and terminal vertex Mi = [ttvi, vi + 
V2], as explained in Example 5.3. For G — T — GL2(A) and / G 5'„(r), an analogue of L- 
functions of classical cusp forms is Lf{s) : Zp — >■ Coo given by (see [Go5]) 

Lf{s) = [ x'^^^^ = [ x'-^diif{x) (5.25) 

Jui ^ Ju{MoMi) 

where ///is the measure associated to the cocycle i~^{f) under the correspondence of Theo- 
rem 5.3. In general, let G be an arithmetic subgroup of GL2(k) and / e Sn{G) with n >2. 
Then for an edge e of T, we define 

L(f; e;j) = / x^-'diif(x) for j e Z (5.26) 

Ju{e) 

In the case when the edge e = MqMi, the function L{f;e;j) : Z — )■ Coo in the variable j 
can be extended to the function L{f;e; s) for s e Zp by continuity, which is the L-function 
Lf{s) defined in (5.25). 

6. The measure associated to the Drinfeld discriminant 

Example 3.4 explains how we get the Drinfeld discriminant A. In this section, we will 
compute Char(r, — 1), hence will get the measure associated to the Drinfeld discriminant 
A. 

Theorem 6.1 (Goss, [Gol]). The dimension of the space of cusp forms of weight m = 
'mo{q — 1) and type of the arithmetic subgroup T is [mo/{q + 1)]. The dimension of the 
space of all Drinfeld modular forms of weight m — mo{q — 1) and type of the arithmetic 
subgroup F is [mo/{q + 1)] + 1. 

By the above theorem and Theorem 5.3, we see that Char(r, 9^ — 1), as well as Sq2_i(r), 
is a one dimensional vector space over Coo- The space Sq2_i(r) of cusp forms is generated 
by the Drinfeld discriminant A. Let ca = Res(A) be the harmonic cocycle in Theorem 5.3. 
Then ca is a basis of Char(r, — 1). We can calculate ca by 

CA(e)(X'F«'-3-') = ReSe^*A(^)d^ 

for < i < q^ — 3 from the definition (5.23) of harmonic cocycles coming from modular 
forms. Since the harmonic cocycle associated to A is F- invariant and the half line (2.1) 
consisting of (m > 0) is the fundamental domain of F\T, the values ReSe^^*A(2)ri2 (for 
< i < — 3) determine Ca, where e„ is the oriented edge A^Am+i. 

At first, we are going to calculate KeSe„z^A{z)dz, the residue of z^A{z)dz over the region 
D = \-\eo) = {zen:\7r\< \z\ < 1}. As A(^) = (T'^" -T)Eg2_^{z) + {T^ -T)iEg_i{zy+\ 
we will expand {Eg_i{z))'^^^ and Eg2_i(z) on the region D in the following. 

1 



^ (cz + d)i-^ 



^ {cz + d)«-i ^ ^ (c^ + d)i-^ ^^'"^^ 
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where ^ is taken over all (c, d) G such that d ^ and deg{d) > deg(c), and ^ is taken 

1 2 

over all (c, o?) e such that c 7^ and deg(c) > deg{d) + 1. Here we set deg(O) = —00 by 

convention. We'll compute ^ and ^ separately. 

1 2 



=t(—)"-— 

1 \i>0 



z 



5^ (- 5- - iT - iT - iT' - ) (-) 

where we have applied the identity in the following lemma. 
Lemma 6.1. For B G Coo, we have 

^ B'z' I =\-Bz + B'iz'i - B'i^^z'i+^ + B^'iz^'i - B2«+i^2g+i ^ . . . 

\i>0 ) 

Proof. We directly verify that 

(j2 B'z^ = (j2 B'z^ {l-Bz + B'^z'^ - + - + • • • ) 

\i>0 / \i>0 / 

and get the identity in the lemma. □ 

And also for the sum Yl, > 

2 

^ {cz + dy-^ 
= T—i— 

^ {cz)<i-^ \ 1 - 

1 ^ ' \ cz 



E— frf-V- 



2 ^ ' \i>0 



9-1 



(6.3) 

In the summation (6.2), we notice that 

• the condition deg((i) > deg(c) for ^ ensures that d ^ 0, since otherwise deg(c) < 

1 

deg(o?) = —00 implies c—0; 
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• the summation can be taken term by term inside the parenthesis; and we have 

1 (c,d)eA2 

deg(c)<deg((i) 

since we can pull out the leading coefficients of d e A = '^q\T] in the terms of a fixed 
degree of d and sum these terms up. 

Therefore the summation in (6.2) equals 

(c,d)GA2 ^ 
deg(d)>deg(c) 

(6.4) 

where the terms with negative sign occur because we need to solve out the equations 

mq — n{q — 1) 

as 

= ^^^^^^ 

n — —1 + tq, 

In the same way, we notice that in summation (6.3) 

• c can not be equal to 0, otherwise dcg{d) < deg(c) — 1 = — oo implies d — 0, 

• we can take the summation term by term inside the parenthesis, and 

deg(c)>deg(d)+l 

for example, the first term is 

y ^— = y ' ' 



(c,(i)eA2 (c,d)eA2 
dcg(c)>dcg(d)+l dcg(c)=0,d=0 

Therefore the summation 5*2 in (6.3) equals 

V 1 ( fdV'-''"' 1 fdY'^'^' 1 

(c,<i)eA2 \ \ / \ / 

deg(c)>deg(ci)+l 



(q-l)2 1 ^ J (2q-l)(g-l) I ) (3g_i)(g_i) 



(6.5) 

Hence we get the Laurent series expansion of Eq_i{z): 

E,^,{z)^Si + S2 
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which is the summation of (6.4) and (6.5). In the equation (3.10) for A{z), the part with 
Eq2_i(z) doesn't contribute to the residue of z'^A(z)dz on the region D — {z E fl : |7r| < 
\z\ < 1} for < i < — 3, since 

(o,o)^(c,<i)eA2 ^ ^ 

and the residue of z''dz/{cz + dy^~^ is as long as < i < — 3. Therefore we need only 
compute the coefficient of dz/z in (T^ — TYEq_i{zY^^z^dz. So consider 

Eq_^{zy+^ = (5i + ^2)^+' = + SIS2 + SIS^ + St\ (6.6) 

It is clear that the terms S\'^^ and 5'!"'"''^ in (6.6) don't contribute to the wanted residues. 
Hence we need only compute the expansions of SIS2 and 5'! 5*1. As 



SIS, 



2 



;,d)GA2 \i=0 j=l 



y{jq-i){q-^)g 



. (c,rf)GA2 \i=0 j=l , 

\deg(d)>deg(c) / 

/ \ 

^ 1 /y. /d\ _J_ rd\ (^^-D^^-l) 1 

{c,d)eA^ \s=0 ^ ^ t=l ^ ^ 

\deg(c)>deg(d)+l / 



(6.7) 



we consider all possible powers (l/z)'^ for m e Z in the above expansion: 



(1) . for 1 < m = —i{q — l)q'^ + s{q — l)q + q — l < q^ — 2 with i > and s > 0, then the only 

solution for m is m = g — 1 when s — iqior i> 0; in general, m — {q — 1) -\- l{q — l)q 

for / G Z; 

(2) . for 1 < m = -i{q - l)q^ + {tq - l){q -l) + q-l<q^-2 with i > and t > 1, 

then the only solution for m is m = (g — l)q when t = ig + 1 for i > 0; in general, 
m — l{q — l)q for I e Z; 

(3) . for 1 < m = -(jq - l)(q - l)q + s(g - l)g + g - 1 < g^ - 2 with j >1 and s > 0, 

then the only solution for m is m = g — 1 when s = j'g — 1 for j > 1; in general, 
m = {q — 1) + l{q — l)q for / G Z; 

(4) . for 1 < m = -{jq - l)(g - l)g + {tq - l)(g -l)+g-l<g2-2 with j >1 and 

t > 1, then the only solution for m is m = (g — l)g when t — jq for j > 1; in general, 
m — l{q — l)g for I G Z. 

Therefore we get from (6.7) 

sis,^^ + ^+ V + V (6-8) 
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where 

j=0 \ (c,d)6A2 / \ (c,(i)eA2 

deg(d)>deg(c) deg(c)>dcg(d)+l 



((i5+l)</-l)(</-l) 



I \d) ] '\ ^ ^ \ 

J=l \ (c,d)eA^ / \ (c,d)eA2 

deg((i)>deg(c) deg(c)>deg(d)+l 

i=0 \ (c,d)eA2 / \ (c,d)GA2 ^ ^ 

deg(d)>deg(c) deg(c)>deg(d)+l 

j=l \ {c,d)GA2 / \ (c,d)eA2 ^ ^ 

deg(d)>deg(c) deg(c)>deg(d)+l 

We compute the expansion of S2S1 in the same way. In the following expansion of 
S2S1 



(c, d)eA2 

deg(c)>deg(d)+l 



s=0 ^ ^ t=l 



• E Els)" ^"'-"'-Els)"' '^'-"<'-" . (e-s) 

(c,d)GA2 \j=0 j=l / 

deg(d)>deg(c) 

we find all possible powers (l/z)'^ for m e Z: 

(1) . for 1 < m = s(g — + (9 — 1)? — ^(9 — 1)? < — 2 with i > and s > 0, the only 

solution is m = (r/ — l)f/ when i = sq for s > 0; in general, m = l{q — l)q for / G Z; 

(2) . for 1 < m = s(g — l)q^ + {q— — ~ ~ 1) ^ q^ — 2 with j > 1 and s > 0, the 

only solution is m = g— 1 when j = sg — 1 for s > 1; in general, m = {q — l) + l{q — l)q 
for / e Z; 

(3) . for 1 < m = {tq-l){q-l)q + {q-l)q-i{q-l)q < - 2 with i > and t > 1, the 

only solution is m — {q — l)q when i = — 1 for i > 1; in general, m — l{q — l)q for 

/ G Z; 

(4) . for 1 < m = {tq-l){q-l)q+{q-l)q-{3q-l){q-l) < ^^-2 with j > 1 and t > 1, 

the only solution is m = g — 1 when j = for i > 1; in general, m = {q — l) + l{q — l)q 
for I e Z. 

Therefore we get from (6.9) 
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where 

_ ^ 1 fdV^'-'^''^ ( ^ 1 /cx((^</-i)^-i)M 

s=i \ (c,d)eA2 ^ ^ / \ (c,d)eA2 

deg(c)>deg(d)+l dcg(d)>deg(c) 

t=l \ (c,d)gA2 ^ ^ / \ (c,d)eA2 

deg(c)>deg(d)+l deg(d)>dcg(c) 

I] ^;(^(-) )■( I] d^id 

dcg{c)>dcg(d)+l deg(d)>dcg(c:) 

t=l \ (c,d)GA2 ^ ^ / V (c,d)eA2 

deg(c)>deg(ii)+l dcg((i)>dcg(c) 



Hence we have the expansion on D = {z : |7r| < \z\ < 1} from (6.8) and (6.10) 



A(-) = ;iFr + 7(S)^ + E*-"^+ E *-"^' (6-11) 



m>0 ^<_(52_2) 

To = (T«-T)^(Tio + T2o), (6.12) 
Si = (r«-r)VSn + S2i). (6.13) 

Let /i-A be the measure associated to the Drinfeld discriminant A{z), which is by definition, 
the measure associated to the harmonic cocycle Ca given in equation (5.4). Then for < 
i < - 3, 



[ x'djiAix) = CA(e)(XY«'-3-*) = ReSeoZ'A{z)dz 

Ju{eo) 

„ z'-dz „ z^dz \ 

where U{eo) = ?7(AoAi) = {x E koo : |a;| > IttI""*^} U {00} = i?oo(KH is given in Example 
5.1. Prom the above discussion, we get 

Lemma 6.2. For < i < — 3, we have the integral values of over U{eo) against /^a-' 

(1) / x'dfXA{x)^0 ifi^q-2,q^ -q-l- 

Ju{eo) 

(2) [ a;^-2d/XA(x) = To; 

Ju{eo) 

(3) / x'^"-''-'dpiA{x)^E^. 



Lemma 6.3. 5i — 0. 
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Proof. We consider the edges around the vertex Aq of the Bruhat-Tits tree T: 

O [ttvi, 6V1+V2] 
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(6.14) 



■ ■> o - 

A-1 



- o - 

4o 



eo 



-s- O ■ 

Ai 



where the notations are as in Section 2, and h e F^*. Under the correspondence (2.4), the 
vertex [vrvi, 6V1+V2] corresponds to the matrix i ^„ ^ ) and A_i corresponds to the matrix 



I J ). Let 76 = ( J J ) for 6 e F,*, and 5 = J J Then (7,-^)^ = ( _\ \ 

The matrices 7^ and 5 fix the vertex Aq under the "*" action. And by performing column 
operations, we see that 

, / 1 \ / TT-l \ / TT-l \ / TT -6-1 



-h I ) \ 1 J \ -bir-' 1 J \0 1 

= [ttvi, + V2], 

where the notion ~ denotes that two matrices are in the same class in the quotient space 
GL2(koo)/(k^ • GL2(Aco)). Hence e^^ = 7-6-i * Cq and eTT — S * eo, where e denotes the 
edge with opposite orientation of e. 

By the definitions in Section 5, we have for an edge e — j * Cq with 7 — ^ ^ ^ ) ^ 

GL2(koo)+ and < i < - 3, 

Ju{e) 

= ReSeo(7^)*A(7z)(i7z 



Therefore for < j < — 3, 

/ x^d^A{x)= I {x + bydnA{x), 

I x^dji^ix) — — I x^djiAix) — I x'^ d[iA{x). 

Ju{e-i) Ju{S*eo) JU{eo) 
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Hence from 



b(zw^* ^U{-rb*eo) Ju{eo) Ju{e-i) 

6gF^*-^C^(7_(,-i*eo) ic/(eo) i[/(e_i) 

=-fy:/" -^*aW+/ x^*aW+/ .'*aW 



0, 



we get 



/ x''^ ^ ^d/jLAix)^ / {x + by d/jLAix) + / x^djiAix). 

Ju{eo) 6eF5*'^^(«o) •^'^('=0) 

We plug in j' = 5 — 2 in the above equation and apply (1) of Lemma 6.2, then get 

x''"-''-^dl^A{x) = 0, 



/ 



'U{eo) 

therefore Si = 0. □ 

Recall that the A„ (n > 0) are the vertices of the half line (2.6), and e„ = A„A„_|_i is the 
oriented edge with origin and terminal A„+i. 

Theorem 6.2. The measure ^a on P^(koo) associated to the Drinfeld discriminant A{z) 
is h-admissible with h being the smallest integer greater than or equal to {(f — 3)/2, and is 
completely determined by the following values: 



Jv 

(2) / 
Jv 



0, ^/ 0<j<g2-3,j^g-2, 

^0, ifj = q-^- 

x-'dfj,A{x) — 0, for < J < 5^ — 3 and any n> 1. 



xHha{x) - 

U{eo) 1^0, ifj = q-^ 



U{en) 

Proof. That the measure ha is /i-admissible follows from Corollary 5.1 directly. 

Since the fundamental domain of r\T is the half line (2.1) consisting of A„ {n > 0) (for 
both the ordinary action and the action "*") and the measure 11 a satisfies the equation (5.5), 
II A is determined by the values Jjj^^ ^ x^d/iAix) for < j < — 3 and all integers n > 0. 

Prom Proposition 2.1, we know that under the ordinary action, the group 



Q ^ ^ : a,de F,*, b e F,[r], deg^(6) < n| , 



n> 1 



fixes the edge A„A„_|_i, and acts transitively on the set of edges with origin A„ but distinct 
from the edge A„A„+i. In fact, the element 75 = ( g ^ ] for 6 = /ST"- with /3 G Fg fixes A„ 



and A„+i and takes A„_i to the vertex [tt ^Wi, jSn "vi + V2], since A„_i is represented 
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by the lattice Ln-i 
^ n-i 1 , and 



A. 



ITT' 



n-1 



Aoo ~ 



TT ^"^ ^^Aoo© Aoo, which is represented by the matrix 



tt" 



1 ^T'^ 
1 



1 

tt"-^ 



1 /3T 
7r"-i 



^-(n-l) ^^-n 

1 



where the notion '~' means that the two matrices are the same in GL2(koo)/ (kj^ ■ GL2(Aoo)) 
as before, thus they represent the same vertex of the Bruhat-Tits tree T in terms of the 
correspondence (2.2). 

Conclusion (1) of this theorem comes from Lemma 6.2 and Lemma 6.3 directly. 

For conclusion (2), we consider the case n = 1 at first. The q -\- 1 edges with terminal 
vertex Ai are e^^i (for b — /3T and /3 e F^) and el, as illustrated in the following diagram: 

0[vi,6vi+V2] 



66,1 



eo ei 62 
O s- O s- O O 



Ao 



4i 



A2 



A3 



where the origin vertex of e?, 1 is 



Therefore 



-UT^l 1 

1 



oiMoii lo 1 i vol 



/ x^diJi/\{x) 

Ju(ei) 



X^dlJ,A{x) + / X^dlJ,A{x) 



beT-¥. 



J2 I x^{-hx + lY^-^-^d^iA{x)+ I x^diiAix 



^ « / - Ju{eo) Ju{eo) 



(6.15) 



^ beT-¥g* 

In the expression (6.15), the integral of the first term is equal to unless i+j — q — 2, thus 
lu(ei) x^djiAix) = if j > g — 2 by Lemma 6.2 and 6.3. For j < q — 2, we get from (6.15) 
that 

.q-2-j 



'C/(ei) 



X^dllAix) = {\ ' ] Yl [ x'l-^dllA{x) + J X^dllA(x). 



beT-Wg* 



U{eo) 



'U(eo) 
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The summation '^h^T-¥q*i~^)'^^^~^ ~ ^ unless j = g — 2, so it is clear that the integral 
Iu{ei) ^'^d,fi^{x) is equal to for j < g — 2, because the integral J^(^g^•^ x^dfj,^{x) is also equal 
to in this case. And for j = g — 2, we have 

/ x'l-^dllA{x)= 5^1-/ x'^-^dllA{x)+ [ x'^-'dllA{x) 

= 0. 

Therefore we have showed that 

x^diiA^x) = 



/ 



't/(ei) 

for < j < g2 _ 3. 

For n > 1, we can show in a similar way that /^/^g^^ x^dii^ix) = for < j < — 3 by 
induction on n. □ 

Corollary 6.1. Tq ^ 0. 

Proof. Suppose To = 0. Then J^^^^^-^x^d^^ix) = for all integers j between and — 3, 
thus wc can show in the same way as the proof of Theorem 6.2 that J^^^ ^ x^dn^ix) = for 
all integers n > and < j < g^ — 3, which implies that /[/(g) x^dfi^ix) = for all edges e 
of the Bruhat-Tits tree T. Therefore the harmonic cocycle Ca = 0, and then A{z) = by 
Theorem 5.3, which is absurd. □ 

Corollary 6.2. For any edge e of the Bruhat-Tits tree T and < j < — 3, we have 



/ x^di^A{x) ^ r{e,j) -To 

Ju{e) 



where r{e,j) e A. 



Proof. The edge e can be obtained as e = 7 * for some integer n > and some 7 
^ ^ ' e r. Hence 



c d 



/ X^djJ,A{x) = / X^djJiAix) 
Ju{e) Ju{-y*en) 



/ 

Jui 



det(7)(ax + by{cx + df -^-^d^Aix). (6.16) 

'U{en) 

In the integral of (6.16), the integrand is a polynomial with coefficients in A, therefore the 
integral f^j^^^x^dfiA^x) is if n 7^ 0. And if n = 0, the integral j^^^^-^x^diiA^x) is equal to 

^(^'i) ■ /c/(eo) x'^~^dnA{x) = r{e,j) ■ Tq for some r(e, j) e A. □ 

7. Complements 

In Theorem 6.2, we have determined the integrals /[/(g^) x^djiAix) for < j < g^ — 3 and 
we can see what the values J^^^^^ x^d^A{x) look like in Corollary 6.2 for a general edge e of 
T and < j < g^ — 3. In general, we set 

L(A; e; j) = / x^'^djiAix) for e e Er and j e Z (7.1) 

Ju(,e) 
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as given in the equation (5.26). Since 5 — [ ^ \ 1 e F, we have the following equation for 



these values: 

L(A; 5 * e; j) = -L(A; e,q^ -I- j) for e e Er and j e Z. (7.2) 

When the edge e is in (6.14), the corresponding U{e^) is the set Wi of 1-units of h^o, 
so L(A;ei^;j) can be extended to L(A;ei^;s) for s G Zp, which is L/^{s) in terms of the 
notations in (5.25), and (7.2) becomes the functional equation 

La{s) = -LA{q^ - I - s) (7.3) 

as pointed out by D. Goss in [Go5]. About the measure associated to the Drinfeld discrimi- 
nant A, it is also interesting to see what the values Lj\{j) might be for j > I. 

As a special case of integrals of functions in C'*(P^(koo)) against the measure /^a (see 
Corollary 5.1 and Theorem 5.3), the values L{A; e;j) for j>q^ — 1 or j<0 are obtained 
through a limit process by those for 1 < j < — 2, but they can also be calculated by 
applying the equation (5.24) in terms of the residues. At first, we will consider L(A; cq; j + 1) 
= Jjj^^^^x^dfj.A{x) by expanding the Drinfeld discriminant A.{z) over the region A~^(eo) = 
e O : |7r| < l^l < 1} better than the equation (6.11), where the terms with z"^ for m > 
or m < — (g^ — 2) are omitted. 

In the equation (6.6), we've already calculated 3132 in (6.8) and in (6.10). And we 
do similar calculations to get 

OO CO 

sf+' = * • + (7.4) 

1=0 1=1 

OO ^ OO ^ 

1=1 1=2 

Therefore we get from (6.8), (6.10), (7.4), and (7.5) that 

{T'i - TyEq_i{zy+^ = ^ + ^^—^ + J2 ^g-l+l(q-l)g + z^{q-l)q- 

We also expand Eq2_i{z) over the region A~-'^(eo) as: 

Eq2_i{z) = ^l(q-l)q2 + Y ^(g-l)+(g-l)g+K<Z-l)«2 " 

Therefore we get the expansion of A{z) over A~^(eo): 

A(;^) = {T"" - T)Eq2_,{z) + {T'i - TyEq_,{zy+' 

2;^{q~l)q (7-6) 

where Tq and Si are given in (6.12) and (6.13), respectively. 
Proposition 7.1. (1) We have 

Tj, if j = q — 1 + i{q — l)q with i G Z, 
L{^;eo;j) = { Si, ifj = i{q - l)q with i G Z, 

0) ^/i 7^ ? ~ 1 + ^(? ~ 1)?) i{Q ~ 1)? ^^^^ i G Z. 
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(2) For an integer m > 0, we have 

0<q-2+i{q-l)q<m 



0<-l+i(g-l)q<m ^ 

where the two summations are taken over the integers i. 



Proof. Conclusion (1) directly follows from the residue formula (5.24) and the equation (7.6) 
above. 

To prove the conclusion (2), we use the action of 7 := 7_i = ( -, ) on the edge eo 



as in the proof of Lemma 6.3 to get el^ = 7 * eo. Since Ui — U{ei^), we have for an integer 
m > 



LA(m + 1) = / x^'d/iAix) = / x^diiAix) = I {x - l)"^d//A(^) 

JUi il/(7*eo) Ju{eo) 

m X s 

j=o ^ ^ 

E( _-\\rn-{q-2+i{q-l)g) ( ^ \y 

... ^ U-2 + i(g-W^ 



0<q-2+i{q-l)q<m 



0<-l+i{q-l)q<m 



m 

-l + i{q-l)q 



□ 



Remark 7.1. We have some remarks related to the values L^i^j) below. 

(1) Other than Tq 7^ and Si = which we prove in Section 6, we don't know whether 
the other elements Tj, Sj e koo vanish or not. 

(2) We don't know whether the elements Tj and Sj are transcendental over k (if they 
are not equal to 0). 

(3) The values L/^{j) for I < j < — 2 are calculated in Example 7.1 in the following. 

We'll state the Lucas' formula of binomial numbers in characteristic p, which is useful in 
the computation in our cases. Denote by 

//. . . (ii + «2 H his)! 

^l! ^2! • • • ^s^■ 

for any integers ^1,^2, • " • t^s > 0. We have the following assertion about the multinomial 
numbers by Lucas [Lu]: 

Proposition 7.2 (Lucas). For non-negative integers no,ni, ■ ■ ■ ,ns, 

((no, ni, • • • , ris)) = JJ((noj, Uij, ■■■ , n^j)) mod p (7.8) 

j>0 
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where Ui—Yli ''^ij 1^ ^■^ q-digit expansion for i = 0,1, ■ ■ ■ ,s. 

j>0 

Remark 7.2. Proposition 7.2 is useful when s = 1. In this case formula (7.8) is expressed in 
the form: let n — ^ rij and k — "^kj q^ be g-digit expansion for non-negative integers n 

3 3 

and k, then 



3>0 



Example 7.1. The values L^{j) for 1 < j < — 2 can be calculated quickly by putting in 
m = J — 1 in the formula (7.7), where the index i = in the first summation and i = 1 in 
the second summation on the right side of the formula. As Si = 0, we get 

laU) = i-iy-'^' (^^ Z 2) 1 < ^' < 5' - 2- 

After applying Lucas' formula (7.9), we see that L^ij) 7^ if and only ii j — q — l + lq,q + lq 
for Z = 0, 1, • • • , g — 2, and 

LA(q-l + Iq) = (-l)'To, L^{q + Iq) = (-1)%. 
Therefore the functional equation (7.3) for L/^{i) with 1 < j < q^ — 2 essentially becomes 

L^iq -l + lq) = (-l)'To = (-1) ■ (-l)^-'-'To = -UHq - I - l)q) 
^-LA{q'-l-{q-l + lq)). 

Due to Gekeler's work ((2) of Theorem 3.1), we have A{z) = —{Pq+i^i{z)y~^, where the 
Poincare series Pq+i^i{z) is a cusp form of F of weight q + 1 and type 1 mod {q — 1). For a 
cusp form / of F with weight n and type m, the equation (5.5) becomes 

/ g{x)di,f{x)= f {det{-f)y-"^{cx + dr-'g{^x)di,f{x) (7.10) 

where the action of F on T is actually "*" , see [Go5] and [Te2] for detailed exposition on 
the above equation. Let V{z) denote by the Poincare series Pqj^i^i{z) and //p the associated 
measure on P^(koo). And let 



/ d^l'p■ 

Ju(en) 



'U{eo) 

Proposition 7.3. The measure ^-p on P^(koo) is h- admissible with h being the smallest 
integer greater than or equal to {q — l)/2, and is completely determined by the following 
values: 



0, if 0<j<q-l, 



(1) / x^dii-p{x) — 

Ju{eo) 

(2) / x^diJL-p{x) — 0, for < j < q — 1 and any n>l. 



The notations e„ for n e Z are the same as those in Section 6. 



38 



ZIFENG YANG 



Proof. We'll only show that the equation (1) of the theorem holds here, the rest of the proof 
is the same as those of Lemma 6.3, Theorem 6.2, and Corollary 6.1. 

The action of 5 = ^ ^ ^ ^ on cq gives e_i — 5 * cq. Therefore 

/ x^diJL-p{x) — — I x-'dijL-p{x) — — x'^~^''-'diJ,-p{x), 

Ju{e-i) Ju{5*eo) JU{eo) 

where in the second equality wc need to apply the equation (7.10) since the type of the 
Poincare series V{z) is 1 mod [q— 1). Then from 



we get 



* Jc/(76*eo) JU{eo) Ju{e-i) 



^ ''" ^dfip{x) = / x^dfip{x) + / {x + bydfi-p{x) 

Ju{eo) 6eFg* •^'^(eo) 

= / x^dM^) + E f"^) E / ^'-'dpivi^) (7.11) 

JU(eo) JU(eo) 



AsO<i<g — 1, we have the equality 

0. iiO<i<q-l, 



-1, if i = 0, g — 1, 



thus, the equation (7.11) can be written as 

'O, ifO<j<g-l, 



/ 

Jui 



X" ^ ^dn-p{x) ^ ^ r , / X .f ■ 1 

Therefore we get (1) of the theorem except for Xq ^ 0. But this conclusion can be proved 
in the same way as Corollary 6.1. □ 

We denote an element 7 e GL2(A) by 7 = ^ ^ ' ^^^^ 

Corollary 7.1. For < j < q — 1, 

f , / X I 0, if e = 'J * Cn for some n > 1 and some 7 G F, 

/ x-^dii-p{x) — < . 

Ju{e) [c^"7 •'•^0, i/ e = 7 * Co for some 7 e T. 

Remark 7.3. Although the Drinfeld discriminant A(z) and the Poincare series V{z) are 
related by ^{z) = —{V{z)y~^ , we don't know if there are direct relations in the space of 
/i-admissible measures {h big enough) between their associated measures /^a and ^-p, or 
even there are direct relations between the constants Tq and Xq as elements of Coo- In the 
general case, for any / e -S'n(r), Teitelbaum [Tel] has proved that j^jf^^-^x^ diif{x) — for 
< J < n — 2 and all i > io for some integer i^, but how much extension we can say about 
the values /^(g.-) x^dfif{x) for < j < n — 2 and < i < tQ and how they are related to the 
special values of the characteristic p valued "L- function" Lf{s) are not clear. 
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Remark 7.4. The zeta function C,[s) for s = {x,y) e = x Zp in Section 1 has special 
values ({x, —j) for integers j > 0. And C,{T^ ,j) — — X^„gA+ ir ^ mentioned in the 
beginning of Section 1. The zeta measure = xui°°^ is a measure on A^o given by (see 
Section 3 of [Ya2]) 



/oo) 

X 

k=l 



where the measures {G*k_^}k>i are given as follows: let A^o = Ui ^aid"""!') be a disjoint 
decomposition into closed balls, where / is chosen such that / > A;, ctj G Fg[7r], and deg^{ai) < 
I for each i. Each measure G*k_-y is 0-admissible, and is given by (see the computation in 
Section 3 of [Ya2]) 

r* (R (\^\^\\ \^-^)^^ if deg^(a,) < /c , 

G..-.(^..(M )) - if^<deg>.)</. ^'-^^^ 

By using Example 5.3, we sec that the measures {G*^k_i}k>i can be easily expressed as 
functions on the subtree W of T, where W is obtained from T by cutting every vertex and 
every edge in the paths starting at the vertex Ai except for those containing the edge AiAq: 



There are many ways to extend such functions to harmonic functions on the (oriented) edges 
of T. But unlike the measures associated to cusp forms, the measures G*^k_i^ i'x^\ and 

clearly lack symmetries under the action of T. Further study is necessary in order to 
understand them better. 



In Section 4, we have discussed the characteristic p valued distributions by using 
functions. Although functions and the functions with Lipschitz conditions are not studied 
very often in rigid analytic geometry and related topics, the study of their dual spaces 
(the spaces of /i-admissible measures and their variants) may have interesting applications 
in the theory of ergodic functions over Fq[[7r]]. In the case = 2, an ergodic function 
/ : F2[[7r]] — >■ F2[[7r]] is a continous function 

oo 
j=0 

(where Gj{x) for j > are the Carlitz polynomials given in Section 4) which satisfies the 
following conditions on the coefficients aj for j > (see [LSY]) : 

(1) Oo = 1 mod TT, oi = 1 + TT mod tt^, 03 = tt^ mod tt^; 

(2) \aj\ < |7r|['°S2(i)] = 2-[i°g2(i)]^ for j > 2; 

(3) a23_i = TT^ mod 7r^~^^ for j >2. 
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We can see from the above descriptions and (2) of Theorem 4.3 that ergodic functions on 
F2[[7r]] are not functions (therefore certainly are not locally analytic functions), but are 
continuous functions satisfying the so-called 1-Lipschitz condition (see Chapter 3 of [AK] 
or [LSY] for the concept "1-Lipschitz" condition). In the case q = 2, the measures /iA and 
li-p are 1-admissible. After checking Teitelbaum's estimation (5.7) and the construction of 
integrals in Lemma 4.4 more carefully, we can see that the ergodic functions on F2[[7r]] are 
integrable against /xa or fi-p. Due to the applications of the theory of ergodic functions 
in non-Archimedean analysis to cryptography, we wish that further studies of the duality 
between functions and measures of characteristic p would be helpful in applications. 
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